In motion control, the reference commands should pass through the acceleration/deceleration (Acc/Dec) processor before being fed into the servo loop. Consequently, not only can a smooth motion profile be obtained but undesirable vibration can be avoided. In this study, we develop a systematic design procedure for the Acc/Dec processor based on the discrete time finite-impulse-response (FIR) filter design technique with some necessary conditions. Compared with the conventional Acc/Dec scheme, the FIR Acc/Dec scheme poses the advantage that the contouring error can be analyzed. Also, the contouring error caused by the conventional Acc/Dec scheme is evaluated by demonstrating a mapping technique from the conventional Acc/Dec scheme to the FIR Acc/Dec scheme. The proposed Acc/Dec algorithm is quite flexible and efficient, creating space for users to use more sophisticated profiles to more efficiently match the system constraints with minimum contouring errors. Simulation and experimental results verify that the proposed Acc/Dec processor can effectively improve the motion accuracy.
Introduction
Demands for high accuracy and high speed motion in a motion mechanism are increasingly stringent. To satisfy these demands, many investigators have developed and refined those tech-niques, including those for mechanical structure, the efficient servo control algorithms, and the interpolation algorithms.
As for interpolation algorithms, two techniques, i.e., the reference pulse [1, 2] and the sample data [1, 3] schemes, are generally employed. The motion profiles generated using the above two schemes have been studied extensively. Those schemes focus primarily on how to accurately depict the motion profile without considering the corresponding system limitations. Therefore, as change of interpolation output between two sampling intervals becomes larger, an enormous step change in the servo loop occurs. This enormous step change of the servo loop not only incurs the contouring error, but also excites the undesirable modes, which subsequently cause the shock and vibration of the mechanism. Furthermore, damaging may occur. Hence, the reference commands should pass through the acceleration/deceleration (Acc/Dec) processor before fed into the servo loop. Consequently, not only can a smooth motion profile be obtained but undesirable vibration can be avoided.
Despite recognition of its importance, Acc/Dec processor has received little attention in previous literature. In the conventional Acc/Dec design, with given constraints for the initial and final positions, primary emphasis is placed on selecting a class of polynomial functions of degree n or less such that the required positions, velocities, and accelerations at these points are satisfied. The more constraints to be specified implies the higher order of a polynomial to meet them [4] [5] [6] . However, a serious limitation of conventional Acc/Dec is that the contouring errors cannot be analyzed. In addition to this limitation, employing this method to develop sophisticated acceleration profiles that closely match system limits for high performance motion control is extremely difficult.
This study develops a systematic design procedure for the Acc/Dec processor based on the discrete time finite-impulse-response (FIR) filter design technique with some necessary conditions. Furthermore, the contouring error caused by the FIR Acc/Dec scheme is analyzed. Also, the contouring error caused by the conventional Acc/Dec scheme is evaluated by demonstrating a mapping technique from the conventional Acc/Dec scheme to the FIR Acc/Dec scheme. The proposed Acc/Dec algorithm is quite flexible and efficient, creating space for users to use more sophisticated profiles to more efficiently match the system constraints with minimum contouring errors. Simulation and experiments results verify that the proposed Acc/Dec processor can effectively improve the motion accuracy.
Acc/Dec design based on a digital FIR filter
As shown in Fig. 1 , according to the geometrical relationship, the velocity of each axis for a multi-axis motion system is generated from the interpolator. The velocity of each axis is then individually fed into the Acc/Dec processor. Using this scheme, we can always obtain a smooth velocity command for each axis.
In the stream of command generation, the Acc/Dec processor can be regarded as a post-processor for the interpolator. The output commands of Acc/Dec processor, which are capable of producing a smooth motion profile when the velocity set point is overrided. Consequently, not only can the motion accuracy be improved, but shock and vibration of the mechanism can be avoided.
An Acc/Dec algorithm is usually realized digitally in NC machines in practical implementation. Here, V[kT] is assumed here to be the velocity command before smoothing and VЈ[kT] is the current velocity command from the Acc/Dec processor. By applying the concept of moving average, the design for various Acc/Dec velocity curves becomes feasible as stated in the following. Let VЈ[kT] be manipulated as a weighted moving average of the recent n velocity commands . Consequently, the input-output velocity relationship for the Acc/Dec processor can be expressed as
or
where VЈ [k] and V[k] denote the velocity of each axis and b s is the position convergent factor which will be determined later. With the help of z transformation, the behavior of the Acc/Dec processor as described in Eq. (1a) is then equivalent to a dynamic system of order n Ϫ 1.
where z is a unit delay operator, and Figure 2 presents the proposed Acc/Dec scheme. In the Acc/Dec design, three conditions must be considered. First, the final position after Acc/Dec processor must converge to the desired position in motion control. For the illustrative purposes, as shown in Fig. 3 , two velocity profiles represent input and output curves of the Acc/Dec processor. Assume that the velocity command into the Acc/Dec sustains a period of mT; then, the velocity output out of the Acc/Dec sustains a period of (m + n)T. To have equal excursion in both input and output, the following condition must be satisfied:
By the property of z transform, Eq. (3) implies that 
The above condition guarantees the final position after Acc/Dec converge to the desired position. Restated, this condition will cause the cross-hatched area in Fig. 3b to be equal to two separate hatched areas (i.e., A = B + C). For the convenience in later discussion, Acc/Dec time constant Acc/Dec is defined here as Acc/Dec = n·T (6) where T is the sampling time. As shown in Fig. 3b , the time constant is fixed in the overall tracking path, which is proportional to the number of buffers in implementation. Second, all the weighted coefficients b i s should be semi-positive (i.e., b i Ն 0); otherwise, the velocity curve after the Acc/Dec will appear in an oscillatory pattern when the velocity is overrided. Fig. 4 illustrates this phenomenon, where Fig. 4a shows the impulse response of D(z), i.e., the coefficients b i of the dynamic system D(z). Also, Fig. 4b shows the normalized unit velocity command and response. Those figures clearly indicate that the velocity profile out of the Acc/Dec will have an oscillatory nature if some weighted coefficients b i s are negative. This oscillation in velocity profile is not desirable, because it will decrease the motion accuracy.
The third condition derives from the practical limitation in designing an Acc/Dec curve arising from the system limitations. From Eq. (1b) and Fig. 6 , the acceleration of each axis can be derived as
Consider the system limitations: The velocity VЈ[k] must be less than the velocity limitation V Max , the force Various Acc/Dec velocity profiles can be designed by tuning the weighted coefficient b i s. For example, there are two cases presented in Fig. 5 where the velocity, acceleration and weighted coefficient b i for two Acc/Dec processors are provided. Fig. 5b shows the velocity from a linear Acc/Dec and Fig. 5c shows the corresponding acceleration. Also, the velocity curve from a nonlinear Acc/Dec is shown in Fig. 5d and the corresponding acceleration in Fig. 5e . Note that no matter what kind of Acc/Dec is used, the final positions are all convergent to final position (this may be verified by calculating the areas of input and output velocity profiles) and the velocity profiles are smooth without oscillation.
Eq. (2) obviously indicates that the structure of the Acc/Dec processor is the same as the finiteimpulse-response (FIR) digital filter. We now define 
where N is the order of the filter, and Acc/Dec time constant is equal to (N + 1)T. In real implementation, we must spend memory to store the weighted coefficients and the recent velocity
. Since the coefficients of FIR filter (i.e., the weighted coefficients of Acc/Dec) are usually symmetric, the structures of FIR filter can further be simplified. The simplified structures with odd order and even order presented by signal flow graphs are shown in Fig. 6b and 6c, respectively, along with the original structure in Fig.  6a . These simplified structures not only save memory but also reduce computation load. Consequently, we can design the Acc/Dec processor by the well developed discrete time FIR filter design techniques with some necessary conditions. As mentioned in Section 2, the Acc/Dec after interpolation cause contouring error;. We will presently analyze this induced error in the next section. 
Circularity contouring error analysis
Let us consider the circular interpolation. As illustrated in Fig. 7 , the Acc/Dec after interpolation will cause an error of decreased radius. This phenomenon will be investigated in detail in the following. Feeding the x axis reference velocity command, V x [k] = Rsin(kT), to the Acc/Dec processor as input series, we obtain the resulting output velocity as 
where A is the amplitude frequency response of a FIR filter, i.e., A = ͉D(e j )͉, and is the phase of the frequency response of a FIR filter. Both are functions of . Next, consider the desired position command to the Acc/Dec for the x axis, which is 
The resulting output position from the Acc/Dec for the x axis is then
From the above two equations, it is obvious that the input-output position dynamic is equal to the input-output velocity dynamic, that is,
The above result is also applied to the y-axis position dynamic. Since D(e j ) is a low pass FIR filter whose magnitude of D(e j ) is always less than one, the resultant radius in a circular motion will be less than the desired radius and yields a decreased radius error, ⌬R. Note that as far as the contouring error is concerned, the phase lag has no effect, since commands of each axis are fed to the same Acc/Dec processor.
As stated earlier, the coefficients of digital FIR filter are always symmetric; thus, we can deduce a simplified form for the ͉D(z)͉. For the FIR filters of odd order, we have
For the FIR filters of even order, we have
Once the coefficients of Acc/Dec curve, b i s, are all determined, Eqs (13) and (14) can be used to calculate the decreased radius error at any working frequency.
Here, we consider the special case of linear Acc/Dec curve, which has the weighted coefficient
Thus, the amplitude frequency response of the FIR filter, A, is
The working frequency, , is usually very small in practical applications, as will be discussed in Section 6. Under this circumstance, Eq. (16) can reasonably be simplified as
If the radius of circular interpolation is R, the radius after Acc/Dec would be
By ignoring the high order terms, the radius error becomes
where V tan is the tangent velocity. The radius error is dependent upon working frequency, . In order to evaluate the usability of approximated radius error formula in Eq. (19), we calculated the radius errors for different working frequencies. Assume the Acc/Dec time constant = 0.041 sec, the radius of working space is 15 cm, and the feedrate within 30 m/min, which is qualified as high speed motion in CNC machine tools. The approximated formula gives very good results, as shown in Table 1 .
Up to now, we can draw a conclusion that a low pass FIR filter D(z) with maximum cutoff frequency while within the system limitation is an optimum Acc/Dec velocity profile generator yielding a minimum radius error. Although the contouring error for other complex trajectories cannot be obtained analytically, the above conclusion can also be applied.
Mapping from conventional Acc/Dec to digital FIR filter
Conventionally, we always describe a Acc/Dec curve by a polynomial. The fatal drawback with the conventional Acc/Dec is that we cannot analyze the contouring error. It is instructive 
S-Curve 2 s(t) = 10t 3 Ϫ 15t 4 + 6t 5 0 Յ t Յ 1 Similar to the S-curve 1, the discretized Acc/Dec velocity is
where n is the number of coefficients. From the normalized Acc/Dec velocity profiles, the normalized acceleration for the S-curve 1 can be deduced as
and the normalized acceleration for the S-curve 2
For final position of convergence, by Eq. (7), the corresponding coefficients of the FIR filter are
The number of coefficients is assumed here to be equal to 41. Thus, the coefficients of an equivalent FIR filter can be obtained by Eq. (23). Figure 8 plots the relative curves for the polynomial S-curves and the equivalent FIR filters. Figures 8a and 8b present the normalized velocity and acceleration profiles, respectively. Those figures indicate that the velocity and acceleration of the S-curves and those of the corresponding equivalent FIR filters are almost identical. Besides, Fig. 8c plots the amplitude frequency responses of equivalent FIR filters. The contouring error for each type can then be evaluated by examining these plots.
Acc/Dec design procedures based on digital FIR filter
The FIR filter design by windowing is a conventional approach [7] , and is adopted here for demonstration. Figure 9 presents a flow chart that outline the design procedures for determining the optimum Acc/Dec velocity profile. The detailed considerations involved in each step are stated as follows.
Step 1. Determining the order of FIR filter
The sampling time T of the closed-loop system should be pre-determined according to such considerations as the system dynamics (i.e., system bandwidth), the complexity of interpolation algorithm and the computer capability. Next, an initial Acc/Dec time constant Acc/Dec is chosen, which is maintained as small as possible to decrease the BPT and the contouring error. However, too small of a Acc/Dec time constant may cause the driver and actuator to go beyond their limitations. This condition should be checked in step 4. Given the sampling time, the order of the FIR filter can be determined as
Step
Determining the maximum cutoff frequency
The maximum cutoff frequency n is next determined. Fig. 10a plots the impulse responses of two ideal low-pass filters with time shift K 0 T, and their corresponding amplitude frequency responses can be found in Fig. 10b . Here, the amplitude frequency responses are the same as those of the ideal low-pass filter since the time shift in an impulse response only yields a phase lag. The curve with a sharper main lobe in Fig. 10a corresponds to the filter with a higher cutoff frequency. The cutoff frequency is the inverse of the width of main lobe or the inverse of two times width of side lobes. From step 1, the order of the filter N is determined so that the duration of impulse response is fixed, i.e., (N + 1)T. The second condition in Section 2 is recalled, in which the weighted coefficients should be semi-positive. A filter should be selected which has following properties: 1. the impulse response is not oscillatory, and 2. the cutoff frequency is maximum. Consequently, the impulse response should only have a full main lobe with a duration equal to (N + 1)T. If another cutoff frequency, f 0 , higher than 1/(N + 1)T hertz is selected, the oscillatory pattern appears in its impulse response.
The maximum cutoff frequency is typically represented in a normalized form, i.e., , with respect to Nyquist frequency 1/2T. Thus, can be obtained as
Once the maximum normalized cutoff frequency is determined, the well known window type FIR design method in Signal Processing Toolbox of Matlab [8] can be used to design the Acc/Dec curve. Step 4. Checking the system limitations Before the final Acc/Dec velocity profile can be determined, all system limitations should be checked. The system limitations include the driver limitation and actuator limitation, where the former includes the current and power limits and the latter includes the force, velocity and power limits. The current limit can be transformed to the equivalent force limit. When using the design Acc/Dec curve, the above system characteristics should be within their limits as follows:
If these conditions are not satisfied, go back to step 1 and increase Acc/Dec time constant. Then, all procedures are performed again.
The systematic design procedures have already been described as above. Next, the design procedure is demonstrated using an illustrative example in the next section. Furthermore, the result can be evaluated by simulation.
Simulation and results
In this section, the proposed scheme for the Acc/Dec processor is implemented to carry out simulation studies with an illustrative example. The developed Acc/Dec curve will be compared with conventional Acc/Dec curves including the linear curve, S-curve 1, and S-curve 2. In order to reveal the decreased radius error yielded by Acc/Dec after interpolation with respected to servo series lag. We assume the sampling time T = 0.004 sec and the Acc/Dec time constant Acc/Dec = 0.164 sec, then, proceed the design procedures stated in above section:
Determining the order of FIR filter
Substituting the value of sampling time T and Acc/Dec time constant into Eq. (24) yields the order of the FIR filter.
Step 2. Determining the maximum cutoff frequency
As mentioned in the design procedures, the maximum cutoff frequency is determined by Eq. (25)
and then plug it into the Signal Processing Toolbox of Matlab using Blackman window to obtain the optimum weighted coefficients of the Acc/Dec. Fig. 11 displays various curves with different cutoff frequencies. The coefficients with cutoff frequency n = 0.049 are obviously all positive without any side lobe.
Step 3. Scaling the FIR filter by the position convergent factor b s
The summation of coefficients of FIR filter, b i , designed by the Signal Processing Toolbox of Matlab has already been normalized to one. In this case, b s is equal to one. However, the fact that all b i s are fractional numbers less than one with long digits causes a large truncation error in computation. One approach to overcome this effect is to simply multiply all b i s by a large number then divide by an appropriate b s to guarantee the convergence in the final position. 
Step 4. Checking the system limitations
The final design of Acc/Dec curve cannot be accomplished without verifying the system limitations for each axis according to Eq. (26). The maximum overriding velocity is assumed here to be 0.1 m/sec. Then, by using Eq. (7), the corresponding maximum acceleration would be 7 m/sec 2 . Further, assume the equivalent mass and viscous damping of the controlled plant needed for system limitation calculation are m = 500 kg and c = 500 kg/sec, respectively. Concerning system limitations, the following data are obtained: V Max = 1 m/sec, F Max = 4000 Newton, P Max = 500 Watts. According to above specifications, the following calculations are proceeded to check the designed Acc/Dec processor.
The Acc/Dec design is now complete, which has an order of 40 and a cutoff frequency of 0.049. To compare our design curve with the linear, S-curve 1 and S-curve 2, the following relative information is provided with plots. Fig. 12a shows the coefficients of four Acc/Dec processors, Fig. 12b shows their velocity profiles and Fig. 12c shows their corresponding frequency responses. Note that the comparison is made to examine which of the Acc/Dec profiles is the best in the sense of minimum following error under the circumstances of same Acc/Dec period to achieve a certain target velocity. Our design Acc/Dec curve is obviously the best, having the largest bandwidth. To further evaluate the performance of our design Acc/Dec curve, using the Acc/Dec after interpolator, the reference commands of circular interpolation are fed to linear, Scurve 1, S-curve 2 and our design Acc/Dec processor. Fig. 13 shows the subsequent radius errors for four Acc/Dec processors under a tangent velocity V tan = 15000 BLU/sec and radius of motion R = 4000 BLU; the unit of BLU is basic unit length which indicates the encoder resolution in a servo system. The notch portion of the motion profiles corresponds to the system motion during the Acc/Dec period. Our design curve is obviously superior to the others since it has the smallest radius error. Although the results for other complex trajectories are not presented here, adequate performance of our design can be expected since (a) the Acc/Dec is formulated as a dynamic system as stated in Section 2 and (b) our Acc/Dec has the largest bandwidth.
Finally, further comment is made on the Acc/Dec processor. As mentioned in Section 3, the feedrate of 30 m/min is qualified as high speed motion in CNC machine tools. The radius of working space is assumed here to be 15 cm; the angular velocity would then be 10/3 rad/sec. Correspondingly, it follows that the normalized frequency is If the sampling time of a motion system is T = 0.004 sec as used in the above simulation, the normalized frequency would be = 0.0044. This value is significantly smaller than that of the design cutoff frequency, n = 0.049. Restated, the nominal operation conditions always fall in the apex region of the frequency response curve. Nevertheless, the induced contouring error in precisely tracking control is quite impressive and should not be overlooked.
Experiments and discussions
The performance of proposed Acc/Dec processor was tested and confirmed in a retrofitted milling machine. The experiments were conducted under the same motion conditions as those in the simulation study so that the results obtained by both ways can be compared. Figure 14 presents the schematic diagram of the test apparatus and Fig. 15 shows the block diagram of the AC servo drive including a current-loop IP controller and transmission system for in which k t is the motor torque constant and k e is the motor back e.m.f. constant; L and R are the inductance and the resistance of the motor stator, respectively; J is the equivalent load inertia (which is a synthetic value of the motor rotor inertia, the pulley inertia and the equivalent table inertia) and B is the equivalent viscous damping (which is a synthetic value of the motor rotor viscous damping, the pulley viscous damping, the belt viscous damping and the equivalent table viscous damping); ki p and ki i are the proportional gain and the integral gain corresponding to the IP current-loop controller.
System configuration
Although the above transfer function can be derived analytically, the values of the parameters in Eq. (31) are not readily available. Specifically, the equivalent load inertia and the equivalent viscous damping are so complicated that they are hardly evaluated. For ease of controller design, the high gain of current-loop control is always used in practice; consequently, the transfer function can be simplified as a first-order model of
where a = B/J and b = K t /J [9] The frequency response of the above transfer function from the current command (i.e., torque command) input to the angular velocity output was obtained by HP3562 control system analyzer. In the underlying system, the torque command 10 volt corresponds to the motor rated torque 4.802 N-m and the angular velocity feedback from encoder is converted into voltage by ONO SOKKI FV-900 F/V converter for further analysis. The estimated models for the x and y axes, respectively, are given as follows Since the x axis is mounted on the y axis, the pole of the transfer function for the x axis is farther away from the origin than that for the y axis.
The semi-closed loop, i.e., feedback signal from the encoder of servo motor, is employed in our servo control system. Figure 16 shows the block diagram of the semi-closed loop servo control system, in which the digital velocity and position controllers are implemented. Here we use the PI velocity controller to handle the velocity loop control. The parameters of the velocity controller, proportional gain K p and integral gain K i , are set based on the design specifications that the rise time of velocity response is 33 msec and without overshoot, according to the typical CNC specifications. Specifically, K p = 0.0422, K i = 0.0094 for the x axis and K p = 0.0442, K i = 0.0098 for the y axis. The position loop controllers for the x axis and y axis are only pure gain equaling to 30 sec 
Discussions
In the feed drive dynamic system, the decrease of circle radius may come from two origins, i.e., the Acc/Dec after interpolation and servo delay. Thus, the total decreased radius is the summation of above two effects, or,
When the position loop gains in the x axis and y axis are the same, the decreased radius yielded by servo delay can be approximated as [10] ⌬R servo Х V 
And the term, ⌬R Acc/Dec , is described previously in Section 3.
The experimental results of circular motion with tangent velocity 15000 BLU/sec, radius of motion 4000 BLU/sec and sampling time T = 0.004 sec are shown in Fig. 17 , where the protrusion error is due to lost motion, occurring from the transmission system including pulley, timing belt and ball screw, and friction between mechanical contact surfaces. The decreased radius from the servo delay, according to Eq. (35), is 31 BLU. If this value is subtracted from the experimental results for each Acc/Dec profile, we will obtain quite similar profiles as those in the simulation study in Fig. 13 . It is apparent that our design scheme is superior to the others since it has the smallest radius error. 
Conclusion
This study has presented a relatively simple but novel strategy for the Acc/Dec design, which can be applied to all kinds of motion control applications, e.g., CNC machine tools, and robotic manipulators. A systematic procedure is developed on the basis of the discrete time FIR filter design technique with three necessary conditions, together with the analysis of the contouring error caused by the Acc/Dec scheme. The proposed Acc/Dec algorithm is very flexible in that it creates space for users to use more sophisticated profiles to closely match the system limitations for high performance motion control.
